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Abstract
A circulant weighing matrix W = (wi,j) ∈ CW (n, k) is a square matrix of order n
and entries wi,j in {-1, 0, +1} such that WW
T = kIn. In his thesis [7], Strassler gave
tables of known results on such matrices with n ≤ 200 and k ≤ 100.
In the latest version of Strassler’s tables given by Tan [8], there are 34 open cases
remaining. In this paper we resolve six of these cases, showing that there are no
weight 81 CW matrices for n = 110, 130, 143 or 154, and also no CW (116, 49) or
CW (143, 36).
1 Introduction
A weighing matrix W = W (n, k) with weight k is a square matrix of order n and entries
wi,j in {-1, 0, +1} such that WW
T = kIn where W
T is the transpose of W and In is the
n× n identity matrix.
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A circulant weighing matrix CW (n, k) is a special type of weighing matrix in which
every row except for the first is a right cyclic shift of the previous row. Let P be the set of
locations with a +1 in the first row, and N be the locations with a −1. Then |P |+ |N | = k.
The following facts are well known [1, 2, 3].
i. k = s2 for some positive integer s
ii. |P | = s
2+s
2
iii. |N | = s
2
−s
2
It must be noted that within a weighing matrix, interchanging the (+)s and (−)s will
not change any properties of the matrix. We choose |P | and |N | by convention. For further
information on weighing matrices, we refer the reader to [1, 2, 3].
To illustrate these ideas, Z7 gives CW (7, 4), which is shown in matrix form below:


− + + 0 + 0 0
0 − + + 0 + 0
0 0 − + + 0 +
+ 0 0 − + + 0
0 + 0 0 − + +
+ 0 + 0 0 − +
+ + 0 + 0 0 −


We see that |P | = 3 and |N | = 1; their sum is 4, a square.
In his 1997 thesis [7], Strassler gave tables of known results on such matrices with
n ≤ 200 and k ≤ 100. Over the years many open cases in his tables have been resolved. In
Tan’s 2018 version of the tables there are 34 open cases remaining. In this paper we will
show that no CW (n, k) exists for six of those cases.
2 Preliminaries
We will use standard results from the literature on group rings and multipliers for our
proofs.
Let R be a commutative ring with identity iR and G be a finite multiplicatively written
group of order n. Let R[G] = {
∑
g∈G agg | ag ∈ R} denote the group ring of G over R.
In this paper, we will be working with Z[G], the group ring of G over the ring Z of
integers. Furthermore, for an element A of Z[G] and integer t, A(t) denotes the image of A
under the group homomorphism x→ xt, extended linearly to all of Z[G].
A CW (n, k) is equivalent to an element X of the group ring Z[Zn] with coefficients in
{−1, 0, 1} such that
XX(−1) = k. (1)
The following result, given in this form for group rings in [5], will be used below. A
prime p is called self-conjugate modulo n if there is an integer i with
pi ≡ −1 mod v(n),
2
where v(n) is the largest divisor of n relatively prime to p.
Theorem 1. For an abelian group G of order n, if X ∈ Z[G] satisfies
XX(−1) ≡ 0 mod p2a,
for a positive integer a and prime p, and p is self-conjugate mod n then,
X ≡ 0 mod pa.
Next, we will discuss multipliers.
Definition 2. Let G be a finite abelian group of order n and D be a subset of G. Let t be
an integer relatively prime to n. If D(t) = Dg for some g in G, then t is called a multiplier
of D.
For example, in Z11, 3 is a multiplier of D = {2, 4, 5, 6, 10}.
D = {2, 4, 5, 6, 10}
D(3) = {6, 1, 4, 7, 8} = D + 2
The following theorem is well-known; see, for example, [3]:
Theorem 3. Let A be a CW (n, k) circulant weighing matrix, where k = p2r is a prime
power, and gcd(n, k) = 1. Then p is a multiplier of A. Furthermore, p fixes some translate
of A.
We will frequently use this theorem. When a CW (n, k) has a multiplier p, then some
translate of it is fixed by the group generated by p mod n, and so P and N must both be
unions of orbits of Zn under the action of multiplying by p. Needing to exhaust unions of
orbits instead of arbitrary subsets will often transform an infeasible search into a feasible
one, and allow us to handle the cases in this paper by hand.
Let σ : G → H be some homomorphism between the groups G and H . Then σ can be
extended linearly as a ring homomorphism from Z[G] → Z[H ]. The linearly extended form
of σ between the rings Z[G] → Z[G/H ] is called folding.
For a CW (n, k) in G = Zn corresponding to the group ring element
A =
∑
g∈G
agg
we will let ih =
∑
σ(g)=h ag denote the intersection numbers, so that
σ(A) =
∑
g∈G
agσ(g) =
∑
h∈H
ihh.
As is common practice with difference sets, we may use these intersection numbers to
investigate the existence of circulant weighing matrices, using:
3
Lemma 4. For a CW (n, k) circulant weighing matrix A and H a subgroup of Zn, we have
∑
h∈H
ih = s, (2)
∑
h∈H
i2h = s
2 = k. (3)
In all of the proofs in this paper, we will consider possible circulant weighing matrices
in Zn = Zh × Zw, where h and w are relatively prime. If p is a multiplier for a CW (n, k)
matrix A, then we may assume that a translate of A is fixed by the group 〈p〉 (mod n),
and so P and N must each be the union of orbits of the multiplier group. This applies to
the folded versions in Zh and Zw as well, so we may use Lemma 4 to get information about
what orbits are in P and N in the two subgroups, and from that limit the possibilities for
orbits in the full group.
3 Circulant Weighing Matrices of Weight 81
Proposition 5. A CW (110, 81) does not exist.
Proof. Suppose a CW (110, 81) exists. Then WW (−1) = 81, (P − N)(P − N)(−1) = 81,
|P | = 45, |N | = 36 and 3 is its multiplier. Note that Z110 = Z11 × Z10. Let σ and τ be
projections from Z110 to Z10 and Z11, respectively. The Z11 orbits under the multiplier
action x→ 3x are:
{0}
{1, 3, 9, 5, 4}
{2, 6, 7, 10, 8}
The Z10 orbits under the multiplier action x→ 3x are:
{0}
{5}
{1, 3, 9, 7}
{2, 6, 8, 4}
Table 1 shows the structure of orbits of 3 in Z110 relative to Z10 and Z11. In the table,
〈x〉m denotes the orbit of 3 with representative x and size m. The top row and left column
indicate orbits in Z11 and Z10, respectively, and the numbers on the right and bottom
indicate the value of |P | − |N | for orbits in that row or column. Each Z110 orbit is in the
row and column of the orbits it projects to modulo 10 and 11.
Since 3 is self-conjugate mod 10, by Theorem 1 we have σ(P −N) ≡ 0 (mod 9), and so
σ(P −N) = 9. This means that the sum of the first row is 9, and the other row sums are
all zero. The only way to do that is for 〈0〉1 to be in N , and 〈20〉5 and 〈10〉5 to be in P .
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Z11
Z10 〈0〉1 〈1〉5 〈2〉5
〈0〉1 〈0〉1 〈20〉5 〈10〉5 9
〈5〉1 〈55〉1 〈5〉5 〈35〉5 0
〈1〉4 〈11〉4 〈3〉20 〈7〉20 0
〈2〉4 〈22〉4 〈4〉20 〈2〉20 0
a 5b 5c
Table 1: Orbit information for CW (110, 81)
Z11
Z14 〈0〉1 〈1〉5 〈2〉5
〈0〉1 〈0〉1 〈14〉5 〈28〉5 9
〈7〉1 〈77〉1 〈49〉5 〈7〉5 0
〈1〉6 〈11〉4 〈3〉30 〈13〉30 0
〈2〉6 〈22〉4 〈4〉30 〈2〉30 0
a 5b 5c
Table 2: Orbit information for CW (154, 81)
Applying Lemma 4, we get equations
a + 5(b+ c) = 9 (4)
and
a2 + 5(b2 + c2) = 81 (5)
for Z11. Since, for the rows after the first, the size of the first column orbit is different
from the other two, the row sums being zero means that in each row one of the orbits in
the second and third columns must be in P , and the other in N , and the first row orbit in
neither. So we must have a = −1. But equations (4) and (5) have no integer solutions with
a = −1.
Proposition 6. A CW (154, 81) does not exist.
Proof. The proof for this is nearly identical to the above Proposition 2. The orbit informa-
tion is given in Table 2, and 3 is self-conjugate modulo 14.
Proposition 7. A CW (130, 81) does not exist.
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Z13
Z10 〈0〉1 〈1〉3 〈2〉3 〈4〉3 〈7〉3
〈0〉1 〈0〉1 〈40〉3 〈70〉3 〈10〉3 〈20〉3 9
〈5〉1 〈65〉1 〈35〉3 〈5〉3 〈25〉3 〈85〉3 0
〈1〉4 〈13〉4 〈3〉12 〈19〉12 〈17〉12 〈7〉12 0
〈2〉4 〈26〉4 〈14〉12 〈2〉12 〈4〉12 〈8〉12 0
x 3y0 3y1 3y2 3y3
Table 3: Orbit information for CW (130, 81)
Proof. The orbit information is given in Table 3. While 3 is still self-conjugate modulo 10,
the orbit structure is different, so the argument is not quite as straightforward.
The first row sum is 9, so three of the four size-3 orbits must be in P . The other row
sums are 0, so the first column can never be included, and the other four columns for each
row must have the same number of orbits in N and P .
Since |P | = 45 and |N | = 36, the parts of these sets in the last three rows must consist
of three size-12 orbits each, or two size-12 sets and all four remaining size-3 orbits. But
there is no way to satisfy this while having zero row sums.
Proposition 8. A CW (143, 81) does not exist.
Proof. Suppose a CW (143, 81) exists; WW (−1) = 81, (P − N)(P − N)(−1) = 81, |P | =
45, |N | = 36 and 3 is its multiplier. Note that Z143 = Z11 × Z13. The Z11 orbits under the
multiplier action x→ 3x are:
{0}
{1, 3, 9, 5, 4}
{2, 6, 7, 10, 8}
The Z13 orbits under the multiplier action x→ 3x are:
{0}
{1, 3, 9}
{2, 6, 5}
{4, 12, 10}
{7, 8, 11}
Table 4 gives the orbit information.
Unfortunately, 3 is not self-conjugate modulo 11 or 13, so we need to work a bit harder.
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Z13
Z11 〈0〉1 〈1〉3 〈2〉3 〈4〉3 〈7〉3
〈0〉1 〈0〉1 〈22〉3 〈44〉3 〈77〉3 〈11〉3 a
〈1〉5 〈26〉5 〈1〉15 〈5〉15 〈4〉15 〈20〉15 5b
〈2〉5 〈13〉5 〈29〉15 〈2〉15 〈10〉15 〈7〉15 5c
x 3y0 3y1 3y2 3y3
Table 4: Orbit information for CW (143, 81)
Applying Lemma 4, we get equations
x+ 3(y0 + y1 + y2 + y3) = 9
x2 + 3(y20 + y
2
1 + y
2
2 + y
2
3) = 81
for Z13, and
a + 5(b+ c) = 9
a2 + 5(b2 + c2) = 81
for Z11.
For Z11 the integer solutions are (9, 0, 0), (4, 3,−2), and (−6, 3, 0) (together with swap-
ping the second and third coordinates).
The first one is impossible, since it forces three size-3 orbits in the first row to be in P ,
leaving 36 remaining elements, but the orbits in the other rows all have size a multiple of
5. Similarly for the second solution, the first row sum being 4 means that we either have
orbits in the first row contributing 4 (the size-1 and a size-3 orbit in P , and none in N) or 7
(the size-1 and two size-3 orbits in P , and the remaining orbit in N), but again the number
of remaining elements is not a multiple of 5.
Finally for (a, b, c) = (−6, 3, 0), the first row is forced to have two size-3 orbits in N ,
and none in P . This leaves 45 elements of P and 30 of N for the other rows, and so one
row must have two size-15 orbits in P and one in N , while the other has one of each. The
size-5 orbits cannot be used, so x must be 0.
There are three solutions to the Z13 equations with x = 0:
(0, 3, 3, 0,−3),
(0, 4, 1, 1,−3), and
(0, 5, 0,−1,−1),
as well as permutations of the last four coordinates.
The first two may be quickly eliminated; in both cases we need a column sum equal
to −9, and it is not possible to achieve this. However, the third solution can be satisfied.
Table 5 shows a selection satisfying all the equations, although the orbits do not form a
CW (143, 81).
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Z13
Z11 〈0〉1 〈1〉3 〈2〉3 〈4〉3 〈7〉3
〈0〉1 〈44〉3 〈77〉3 −6
〈1〉5 〈1〉15 〈5〉15 〈4〉15 15
〈2〉5 〈2〉15 〈10〉15 15
0 15 −3 −3 0
Table 5: A choice of orbits satisfying the equations (not a CW (143, 81)). Black orbits are
in P , red in N .
To finish the proof, consider the orbits in Z13. There are six ways to pick two of the four
columns with column sum −3, and then two ways to pick which of the other columns has
sum 15. For each of these 12 choices, we can check that (1) is not satisfied. For example,
the choices in Table 5 give
X = 5〈1〉 − 〈2〉 − 〈4〉,
and we find
XX(−1) = 81− 18 (〈1〉+ 〈2〉 − 〈4〉+ 〈7〉) .
4 Circulant Weighing Matrices of Other Weights
Proposition 9. A CW (143, 36) does not exist.
Proof. The one difficulty here is that Theorem 3 does not apply, since k is not a prime
power. However, a more general multiplier theorem ([4], Theorem 2.4) shows that 3 is still
a multiplier, and so the table is exactly the same as Table 4.
The difference is that now |P | = 21 and |N | = 15, so the argument is easier. Because
|P | ≡ 1 (mod 5), the only way to make P as a union of orbits is to have 〈0〉1, the upper
left orbit, in P , and nothing else in the top row. But all of the solutions in Z11, (9, 0, 0),
(4, 3,−2), and (−6, 3, 0), are incompatible with that, so no CW (143, 36) exists.
Proposition 10. A CW (116, 49) does not exist.
Proof. The equations mod 29 are
x+ 7(y0 + y1 + y2 + y3) = 9
x2 + 7(y20 + y
2
1 + y
2
2 + y
2
3) = 81
There are two integer solutions:
(9, 0, 0, 0, 0), and
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Z29
Z4 〈0〉1 〈1〉7 〈2〉7 〈4〉7 〈8〉7
〈0〉1 〈0〉1 〈16〉7 〈32〉7 〈4〉7 〈8〉7 a0
〈2〉1 〈58〉1 〈30〉7 〈2〉7 〈6〉7 〈10〉7 a1
〈1〉2 〈29〉2 〈7〉14 〈3〉14 〈5〉14 〈15〉14 b
x 7y0 7y1 7y2 7y3
Table 6: Orbit information for CW (116, 49)
(2, 3, 0,−1,−1)
and the permutations of the last four coordinates.
The first one is clearly impossible because there are only four elements in the orbits in
the first column. The second is impossible because |P | = 28 and |N | = 21. Since the orbits
not in the first column all have size a multiple of 7, that solution forces P to have size equal
to 2 (mod 7).
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